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1 Introduction

If a bath of silicone oil is vibrated vigorously then a drop of the same fluid can be made to bounce
indefinitely on the oscillating surface. The mechanism behind this bouncing is that as the drop
approaches the bath it squeezes the air layer between the drop and the surface, but if the surface
is oscillating with sufficient vigour, there is not enough time for the air layer to drain and the drop
lifts up. As the drop bounces it creates a dent on the surface of the fluid generating a wave which
propagates freely over the surface. Thus the drop gets into a stable cycle where it hits the crest of
the wave and bounces indefinitely as shown in figure 1.

Figure 1: Bouncing Droplet[1]

If the drop is now given a bit of a perturbation, then instead of landing at the peak of the wave
the droplet will land on a slope and therefore the force it will experience from the oscillating surface
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will also have a small horizontal component. When this droplet comes back towards the surface
after following an arc of a parabola, it will again experience a small force in horizontal direction
and this cycle will continue as it can be seen in figure 2. In this way the drop can be made to walk
horizontally while it is bouncing. This horizontal motion is mainly investigated in this paper.

Figure 2: Bouncing to walking[1]

The equation for this horizontal motion of the droplet was first modelled by S. Protiere, A.
Boudaoud and Y. Couder in 2005[1] as follows:

m
d2x

dt2
= F b sin

(
2π dxdt
Vφ

)
− fv dx

dt
(1)

Here m is the mass of the droplet, F b is the vertical forcing on the droplet due to the bath, Vφ is
the velocity of propagation of surface wave emitted by the droplet and fv is the damping constant.
The first term on the right represents the horizontal forcing on the droplet due to the oscillating
fluid. The sine function in this term is due to the fact that the horizontal force felt by the droplet
will depend on the slope of the surface wave at that point where the drop bounces, so if we model
the wave generated by the droplet as a cosine wave then its slope would be the sine function. The
second term on the right is a damping term which is a contribution of multiple drag forces on the
drop with one of them being the viscous force due to the shearing of air layer when the droplets
bounces. Solving this equation in the steady state regime for small velocities of the walker give us
a critical forcing below which the droplet simply bounces with no horizontal motion. If the forcing
F b exceeds this critical forcing then the droplet starts walking at a constant speed.

The wave-particle interaction of bouncing droplets gives rise to several phenomenon from the quan-
tum regime like the double slit diffraction pattern, tunnelling, quantized orbits and orbital level
splitting[2]. In this paper we study this wave-particle interaction for two and three droplets. The
diagram in figure 2 only depicts the motion in two dimensions, horizontal and vertical, but in reality
the motion takes place in 3 dimensions with the drops vertical motion being in the z direction and
its horizontal motion in the x-y plane. So considering motion of two droplets, the non-dimensional
equations of horizontal motion of the 1st droplet in the x direction[1] is given as

dx1
∗

dt∗
= vx1

∗ (2)

dvx1
∗

dt∗
=
Bv∗x1

|v1∗|
sin

(
2π|v1∗|
B

)
+
B (x1

∗ − x2∗)

d12
∗2 sin (2πd12

∗)−Av∗x1
(3)
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Here the second order ordinary differential equation(ODE) of motion has been converted to a
system of two first order ODEs. It can be seen from equation (3) that there is one extra forcing
term for the two droplet system which is due to the force acting on first droplet due to the wave
generated by the second droplet. In this paper we assume that the masses of multiple droplets are
equal. All the variables have been non-dimensionalised as follows for i=1,2:

xi
∗ = xi

λF
, yi

∗ = yi
λF
, vxi

∗ =
Bvxi
Vφ

, vyi
∗ =

Bvyi
Vφ

and t∗ = t
mVφ

Fb

where xi and yi are the x and y co-ordinates of the ith droplet, vxi and vyi are x and y com-
ponents of the velocity of the ith droplet and λF is the wavelength of the surface waves. By
non-dimensionalising, the number of parameters have been reduced to two which are A and B

where A =
Vφf

v

F b
and B =

Vφ
2m

λFF b
. The parameter A can be considered as a ratio of the horizontal

viscous damping to the vertical forcing and B can be considered as a dimensionless ratio which
is inversely proportional to vertical forcing. There is a critical value of A = 2π above which no
horizontal motion takes place as the forcing is not high enough to overcome the damping of the
system.

Similar equations are obtained for the y component of the first droplet and x and y components
of the second droplet as follows:

dy1
∗

dt∗
= vy1

∗ (4)

dvy1
∗

dt∗
=
Bv∗y1
|v1∗|

sin

(
2π|v1∗|
B

)
+
B (y1

∗ − y2∗)

d12
∗2 sin (2πd12

∗)−Av∗y1 (5)

dx2
∗

dt∗
= vx2

∗ (6)

dvx2
∗

dt∗
=
Bv∗x2

|v2∗|
sin

(
2π|v2∗|
B

)
+
B (x2

∗ − x1∗)

d12
∗2 sin (2πd12

∗)−Av∗x2
(7)

dy2
∗

dt∗
= vy2

∗ (8)

dvy2
∗

dt∗
=
Bv∗y2
|v2∗|

sin

(
2π|v2∗|
B

)
+
B (y2

∗ − y1∗)

d12
∗2 sin (2πd12

∗)−Av∗y2 (9)

So in total we have a system of 8 first order ODEs for the dynamics of system of two droplets.
Now for the three droplets system, each droplet will experience a force due to the waves emitted
by the other two droplets and therefore the equation of motion for the 1st droplets in x direction
will be modified to the following form,

dx1
∗

dt∗
= vx1

∗ (10)

dvx1
∗

dt∗
=
Bv∗x1

|v1∗|
sin

(
2π|v1∗|
B

)
+
B (x1

∗ − x2∗)

d12
∗2 sin (2πd12

∗) +
B (x1

∗ − x3∗)

d13
∗2 sin (2πd13

∗)−Av∗x1

(11)
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Similar equations can be derived for the y component of the first droplet and x and y compo-
nents of the other two droplets giving a total of 12 ODEs for the three droplets system. Hereafter
all the variables will be considered in their non-dimensional form and for clarity the asterisk(∗) will
be neglected for the non-dimensional variables.

In section 2 we investigate three steady states: stationary states, parallel walking states and orbit-
ing states, analytically for the two droplets system and discuss their stability. In section 3 we look
into the dynamics of three droplets for a specified initial condition over the range of parameters
and examine the various types of trajectories discovered. Lastly, in section 4 we discuss some states
achieved experimentally for two and three droplets system.

2 Two droplets analysis

From literature and by performing simulation in MATLAB it was identified that a few different
stable states, like parallel walkers and orbits, exist for the two droplets system. So an analytic
approach was taken to find these stable states of the system.

2.1 Two droplets stationary states

Figure 3: Stationary states for two droplets

As shown in figure 3, if we consider two droplets a given distance d apart and search for solution
such that the droplets always remain at that distance, then by using the equations (2)-(9) the
following equation is attained,

sin (2πd) = 0 (12)

Solving this equation gives the following restriction on the distance between the two droplets,

d =
n

2
, n ∈ N (13)

So stationary states of the two droplets system are realised when the distance between the
droplets is either an integer or a half integer. A stability analysis was performed to determine
whether the given stationary states are stable or unstable. This includes making a small perturba-
tion to the stationary state of the system and examining the eigenvalues of the linearised system
to conclude whether the perturbations grow or decay. This method of perturbation analysis can be
found in any standard textbook on Differential Equations such as the one in Ref[3]. If the maximum
eigenvalue of the linearised system is positive then the perturbations grow and we have an unstable
equilibrium, if the maximum eigenvalue is zero then the perturbation stay constant giving neutral
equilibrium and if the maximum eigenvalue is negative then the perturbations decay giving stable

4



equilibrium.

From performing the stability analysis on the stationary states of two droplets it was found that
when the distance between the droplets is a half integer i.e. d = 1

2 ,
3
2 ,

5
2 , ... an unstable equilibrium

is obtained for A < 2π and a stable equilibrium is obtained for A ≥ 2π. Numerically it was observed
that when the droplets are half integer distances apart and A < 2π, the perturbations grow and
the two droplets will settle into an oscillatory motion about their equilibrium positions as can be
seen in figure 4(a). Note that these stationary states are independent of the parameter B.

(a) (b)

Figure 4: Plot of distance between two droplets as a function of time (a) For d = 0.5 and A = 2, the
perturbation grows and the droplets settle into an oscillatory motion about its equilibrium position
(b) For d = 1 and A = 2, the perturbation grows and the drops settle into an oscillatory motion at
a lower half integer distance d = 0.5.

Integer distances between the droplets gives rise to an unstable equilibrium for all values of the
parameters, so in this case either the drops will repel each other or they will settle down in a lower
half integer distance through oscillations as can be seen in figure 4(b).

(a) Outwards perturbation gives rise to inwards force (b) Inwards perturbation gives rise to outwards force

Figure 5: Wave field of droplets on perturbation at stable equilibrium

This makes physical sense because if two droplets are a half integer distance apart, they are
sitting on the peak of waves and if the droplets are perturbed away from each other by a small
amount ε, then the waves will interfere such that each droplet will be sitting on an inward slope of
the wave as shown in figure 5(a). Therefore the forces exerted by the wave on the droplets will be
towards each other trying to restore equilibrium. Similarly if the droplets are perturbed towards
each other then the wave fields will interfere such that the droplets will experience a force away
from each other as shown in figure 5(b). When the droplets are an integer distance apart then again
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at their equilibrium position they will be sitting on the peak of a wave but in this case if they are
perturbed away from each other the wave fields will interfere such that the droplets will experience
a force away from each other and the perturbations will grow and similarly for the case when the
droplets are perturbed towards each other as can be seen in figure 6.

(a) Outwards perturbation gives rise to inwards force

(b) Inwards perturbation gives rise to outwards force

Figure 6: Wave field of droplets on perturbation at unstable equilibrium

2.2 Two droplets parallel walking

Figure 7: Parallel Waking States

While playing numerically with the dynamics of two droplets it was observed that in certain circum-
stances the two droplets start walking parallel. To investigate this behaviour further an analytic
approach was taken to study this parallel walking state and search for equilibrium solutions. On
substituting the parallel walking state, shown in figure 7, into the equations of horizontal motion
of two droplets, the following constraints are obtained on the distance d between the droplets and
the initial velocity v,

d =
n

2
, n ∈ N (14)

B sin

(
2πv

B

)
= Av (15)

So it can be seen from equation (14) that the constraint on the distance between the droplets is
the same as two stationary droplets and also from equation (15) we get a transcendental equation
for v which depends on the parameters A and B. On doing the stability analysis for the parallel
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walking state of two droplets it was found that for the case when the distance between the droplets
is a half integer, the maximum eigenvalue is a complex conjugates pair with zero real part so we
have a neutral equilibrium in which the droplets walk parallel with sideways oscillations. It was
confirmed numerically that if perturbations are made in the direction of motion of the droplets,
those perturbations will decay and we would have a stable equilibrium in that direction, while if
perturbations are made sideways to the motion of the droplets then it will sustain those perturba-
tions by performing non-decaying oscillatory motion alongside parallel walking as shown in figure
8.

(a) No perturbations (b) Sideways perturbations

Figure 8: Two parallel walkers at d = 0.5

When the distance between the droplets is an integer, the maximum eigenvalue is positive and
therefore it is an unstable equilibrium. In this case the droplets will either settle into oscillatory
motion about a lower half integer distance or the trajectories of the droplets will diverge as shown
in figure 9.

(a) Droplets settle into a lower half integer
state through oscillations

(b) Droplets diverge

Figure 9: Two parallel walkers at d = 1
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2.3 Two droplets orbiting states

Figure 10: Orbiting droplets

Consider two droplets orbiting in a circle of radius r with tangential speed v as shown in figure 10.
Seeking to find equilibrium solutions of this state analytically gives us the following two equations:

2v2 +B sin (4πr) = 0 (16)

B sin

(
2πv

B

)
= Av (17)

For given values of the parameters A and B, the above equations give infinitely many solutions
for r and v i.e. infinitely many quantized orbits. It turns out that the distance between the two
droplets, which is the diameter of the orbit, is close to half integers and integers but not exact, as it
was the case for stationary droplets and parallel walkers. Figure 11 shows the region (represented
by blue dots) where solutions of equation (16) and (17) exist i.e. the existence of orbits.

Figure 11: Existence of orbits in the parameter space A-B
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The stability analysis for the two droplets orbiting case turned out to be quite difficult as
it required converting the equations into polar co-ordinates and involved a lot of algebra. On
performing the stability analysis it was established that out of the infinitely many orbits, the orbits
with diameter close to half integers are stable and the orbits with diameter close to integers are
unstable. For stable orbits, if a small perturbation is applied then that perturbation will decay over
time and the droplets will restore back to its original orbiting state as shown in figure 12.

(a) No perturbations (b) Perturbations decay

Figure 12: Stable orbit

When the distance between the droplets is an integer, no orbits are obtained numerically because
there is always some round off error associated with numerical calculations. Being an unstable
equilibrium, these numerical errors will grow over time and the drops will either settle into a lower
stable orbit or the droplets will diverge as can be seen in figure 13.

(a) Droplets settle into a lower stable
orbit

(b) Droplets diverge

Figure 13: Unstable orbit
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3 Three droplets analysis

3.1 Three Droplets Stationary States

Stationary states for three droplets were also investigated and two configurations were found as
shown in figure 14.

(a) Droplets in a line (b) Triangular configu-
ration

Figure 14: Stationary States for three droplets

Solving the equations for these stationary states of three droplets the following constraint is
obtained on the distance between droplets for both configurations:

d12 =
n

2
, d23 =

m

2
, d13 =

k

2
;n,m, k ∈ N (18)

Numerically testing the stability of the configuration in figure 14(a) it is found that when the
distance between adjacent droplets i.e. d12 and d23 are both half integers then we have a stable
equilibrium and if these distances are integers then we have an unstable equilibrium. Note that the
distances don’t have to be equal to get stable equilibrium, as long as they are half integers a stable
equilibrium is attained. Now if we have a situation when d12 is a half integer and d23 is an integer
or vice versa then two droplets remain stable while the third droplet walks away from the stable
stationary pair.

Studying numerically the stability of the triangular configuration as shown in figure 14(b), it was
identified that this configuration is stable when the distances between each pair of droplets are
half integers and unstable when these distances are integers. Similar to the stationary states of
two droplets, here also we require that the parameter A ≥ 2π for the drops to remain stationary,
otherwise the drops will oscillate radially about their stable equilibrium positions. Again the stable
and unstable stationary states of the triangular configuration can be explained physically. For the
case when the distance between each pair of droplets is a half integer, the droplets are sitting on
the peak of waves and when they are perturbed radially outwards the wave field will interfere as
shown in figure 15(a) and will exert a force on the droplets which is radially inwards and similarly
when the droplets are perturbed radially inwards the wave field will exert a force radially outwards
as shown in figure 15(b). So it can be seen that any perturbation to the stable equilibrium for
stationary points will try to restore back the equilibrium.
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(a) Outwards perturbation
gives rise to inwards force

(b) Inwards perturbation gives
rise to outwards force

Figure 15: Wave fields of the droplets on perturbation to stable triangular configuration

When the distance between each pair of droplets is an integer then as it can be seen in figure
16(a), any perturbation radially outwards will form a wave field which will exert a force radially
outward making the perturbation grow and the same with the case when the droplets are perturbed
radially inwards as in figure 16(b).

(a) Outwards perturbation
gives rise to outwards force

(b) Inwards perturbation gives
rise to inwards force

Figure 16: Wave fields of the droplets on perturbation to unstable triangular configuration

3.2 Dynamics of three droplets

Figure 17: Set up to analyse the dynamics of three droplets
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With two droplets it is known that they will either scatter or lock into an orbit depending on the
distance between them. The motivation for this project was to study the dynamics of three droplets
by firing a third droplet around a pair of orbiting droplets. The set up was to have two droplets
(green and blue) orbiting in a stable first orbit given by the parameter values A and B and a third
droplet (red) was fired towards this orbiting pair at different angles θ relative to the orbit. This
is demonstrated in figure 17. The angle θ varied only from 0 to π as due to the symmetry of the
situation, same type of behaviour is obtained for θ = π to 2π with the droplets interchanged. The
initial conditions for the third droplet were that (1) it was at very large distance a = 100 from
the orbit so that it does not interact with the orbit initially and (2) it was also given some initial
velocity u = 1 directed towards the orbit but the magnitude of this velocity does not matter as the
droplet will always settle into a constant speed depending only on the parameters A and B.

(a) Droplets in different direc-
tions

(b) Scattering (c) Slingshot

(d) Two parallel walkers (e) Three parallel walkers (f) Switching orbits

Figure 18: Different types of trajectories for three droplets

During this analysis different kinds of trajectories were found which are shown in figure 18.
Trajectories were simulated for different values of A, B and the initial angle θ and an algorithm

was developed to distinguish each type of behaviour. The different kinds of trajectories found were
then plotted in the parameter space as shown in figure 19. The original plot is quite difficult to
visualize so certain regions which were clearly identified have been presented here. Note that the
plot starts from B = 2 and not B = 0, this is because trajectories in the region between B=0
and B=2 take a very long time to simulate and therefore this region was discarded due to time
constraints.
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Figure 19: Types of trajectories in different regions of parameter space A-B

The coloured regions demonstrated in figure 19 are the regions where the same type of trajec-
tories are observed for all angles θ. In the regime of low A and low B, where the cyan region is
established, a trajectory arises in which the incoming droplet will walk parallel with one of the
previously orbiting droplet as shown in figure 18(d). Here no fixed trend was observed to determine
which of the orbiting droplets will walk parallel with the incoming droplet. In the yellow coloured
region another interesting type of behaviour is achieved in which the incoming droplet will lock into
an orbit with one of the previously orbiting droplet and the leftover droplet walks away from the
new orbiting pair as shown in figure 18(f). In the green region, orbits develop in which all the three
droplets orbit on the same circle. In this orbit, all the droplets are always equidistant and can be
thought of as an equilateral triangle rotating about it centroid as shown in figure 20.

Figure 20: All droplets orbiting on the same circle

In the regime of high A and low B, another type of orbit emerged in which the incoming red
droplet orbits in a bigger circle while the orbiting pair itself undergoes complex orbital motion due
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to its interaction with the red droplet as shown in figure 21. These types of orbits take place in the
brown region of figure 19.

Figure 21: Exotic orbits with red droplet orbiting in a bigger circle

In the numbered grey regions in figure 19, multiple types of trajectories are found and there is
no clear distinctive region separating them. These trajectories in the grey region are very sensitive
to initial conditions and therefore the motion of three droplets is chaotic in general. In region 1,
a mixture of two parallel walkers, switching orbits and a trajectory in which all the three droplets
walk in different directions as shown in figure 18(a), are obtained. Three parallel walkers as shown
in figure 18(e) appear in region 3. Scattering and Slingshots as shown in figure 18(b) and 18(c)
arise in region 2. Some other types of exotic and beautiful orbits were also found in region 3 and 4
where all the three droplets undergo complex periodic motion as shown in figure 22.

Figure 22: Other types of exotic orbits

14



4 Experimental Analysis

To get an insight into the wave-particle interaction of droplets, a mock experiment was set up in
which silicone oil of kinematic viscosity 20cSt was poured in a circular glass petridish which was
super glued to a woofer. The woofer was connected to a computer which generated sinusoidal
waves at varying frequencies. Bouncing drops were created by swiftly pulling a needle from the
oscillating surface of silicone oil. This usually created drops of different sizes but the smaller drops
were combined by bringing them close together and forming drops of approximately equal size.
The main challenge with this setup was to level the surface of the silicone oil as due to imbalance
there was a net drift velocity of the droplets and therefore the dynamics of the droplets was only
studied qualitatively. By generating a sinusoidal wave at 80 Hz we were able to achieve the parallel
walking state for two droplets, but this did not last very long as the droplets were absorbed at the
boundaries.

(a) Droplets in a line (b) Triangular configuration

Figure 23: Experimentally achieved stationary states for three droplets system

As shown in figure 23, some stationary states for three droplets at 56 Hz were also achieved.
These are the same stationary states which were found analytically in section 3.1. It was also noted
that when stationary states of multiple drops of unequal sizes were formed at 56 Hz, the whole
aggregate structure rotates about it centre of mass.

5 Conclusion

Using our analysis we were able to find stationary states, parallel walking states and orbiting states
for two droplets as well as stationary states for three droplets which were confirmed numerically and
also found experimentally. By investigating the dynamics of three droplets, various trajectories and
exotic orbits were identified. The model that was studied in this paper is quite simplified and limited
as the trajectory equation only takes in account the interaction due to the previously generated
wave. A new model has been developed last year[4] which takes into account the interaction of all
the previously generated waves and therefore the trajectory equation includes a memory parameter.
This memory parameter plays a vital role near the regime where these bouncing droplets are known
to exhibit certain quantum mechanical phenomenon. So one way to extend this project would be
to look into the stability and the dynamics of two and three droplets using the new model.
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